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Abstract—The main theme of this paper is to develop a sys-
tematic framework to learn a Mahalanobis distance metric based
on matrix sketching. Within this framework, we present a novel
sketch metric learning algorithm which sequentially sketches the
received samples from training dataset and formulates a new
kind of constraint for metric learning. This is in contrast to
the traditional constraints that are only consisted of data from
training dataset. In this paper, one training instance in the
constraint is replaced by a pseudo center, which is generated
during the sketching stage. Due to this change, our learning
algorithm can focus on pushing every received sample to its
corresponding similar pseudo center closer and pulling it far
away from the dissimilar one. In addition, it can further achieve
better performance of some kinds of time-varying process (e.g.
on object tracking) than the compared related competitors. We
demonstrate how to implement other methods in our algorithm
framework and experiment to show that our method outperforms
the competitors and relevant baselines on multiple datasets.

I. INTRODUCTION

Distance metric learning is a fundamental topic in computer
vision and pattern recognition. It is critical to many real-
world applications, such as object tracking, classification, and
clustering [1]-[7]. Numerous algorithms have been proposed
and examined for distance metric learning. In particular, the
learning methods can be generally classified into two cat-
egories: supervised learning and unsupervised learning. We
refer the readers to [8], [9] for a comprehensive survey on
metric learning. In this work, we focus on supervised distance
metric learning.

In the typical supervised learning, where each training
sample is associated with a label, the training samples are cast
into pairwise constraints [10]-[13]: including 1) the intra-class
constraint, i.e. pairs of data samples belong to the same class
labels should be close together, and 2) inter-class constraint,
i.e. pairs of data samples belong to different class labels
should not be near in the metric they learned. Most successful
results are relied on the assumption that all constraints are
accessed at the onset of the metric learning. This can be
called as offline or batch learning. However, in many real-
world applications, the desired distance function may need to
be changed gradually over time as additional information of
input samples are received. For instance, object tracking is a
time-varying process which deals with a dynamic stream data
in an online manner.

To address the need of metric learning, plenty of works
on online metric learning attempt to handle tuples that are
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received sequentially [4], [10], [13]. Essentially, these algo-
rithms predict whether the two samples of the tuple have the
same class label whenever a new tuple is observed. After the
prediction, an instantaneous loss is computed to measure the
similarity between the prediction and the true class label. At
the end of each step, some parameters should be updated in
order to improve the prediction performance of the algorithms.
These online learning algorithms, however, are not in a real
online manner due to the need of receiving pairs of samples
in a batch setting. In other words, they need to collect a
certain number of samples to formulate tuples and then a
small random subset of them are used to update the metric.
Moreover, random selection of the tuples could lead to an
incomplete and indeterministic learning.

To deal with these problems, we redefine the constraint for a
more efficient online learning method. Inspired by the Matrix
Sketching in [14], we propose to sketch the information of
each class, which is able to represent the principal structures
within each class. This sketched information is stored in a
matrix which will be updated every time when it is full. A
pseudo center based metric learning framework is formulated
after we extracted the pseudo center and constructed tuples
from the sketched matrix of each class. Since the sketched
matrix will be updated if new samples are arrived, our frame-
work is online. We call the proposed framework sketch metric
learning (SML). Moreover, SML can be extended so that it
can be combined with most of the developed metric learning
methods to improve their performances.

The rest of this paper is organized as follows. In section
II, we will give a review of the online metric learning. The
proposed sketch metric learning framework will be discussed
in Section III. To demonstrate the compatibility and efficiency
of our framework while incorporating the existing state-of-the-
art metric learning algorithms, we separate our experiments
into two main parts in Section IV. First, we evaluate our
learning algorithm for the classification task using several
public datasets. Second, we apply the learning algorithms
to object tracking problem on several challenging videos.
Experiments show that our method outperforms the existing
approaches in general. Finally, we will conclude this paper in
Section V.

II. A REVIEW OF ONLINE METRIC LEARNING

To our best knowledge, the first online metric learning
method can be dated back to Shalev-Shwartz et al. ’s
work [10] where the online learning is developed for learning
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Fig. 1: An illustration of how to generate the pseudo center, where the dimension d = 19 and the sketch length £ = 10. Each

plot in the generating process represents an instance x or p which have been normalized by
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y-axis in each graph represent feature index and feature value respectively.

a Mahalanobis distance metric. At each time, given a pair of
samples, the metric matrix is updated by successive projec-
tions onto the positive semi-definite cone and the threshold
parameter is updated by a hinge loss function simultane-
ously. Li et al. [4] incorporated an online metric learning
method into a tracking algorithm to solve the optimization
problem for obtaining the linear representation. All above
online metric learning models are inspired by the passive-
aggressive algorithm mechanism used in [15]. At each online
step, a tuple is received and the metric matrix will be updated
when the constraint is violated. Other passive-aggressive based
algorithms are presented in [2], [16]. Furthermore, Davis et
al. [11] presented an online version of information-theoretic
metric learning (ITML) approach using LogDet divergence as
the regularizer. LEGO [12] is an improved version of ITML-
ONLINE [11]. In LEGO [12], Jain et al. developed an online
metric learning algorithm that uses LogDet regularization and
exact gradient descent. All the methods mentioned above tried
to learn a measure of similarity between pairs of instances
which can be incorporated into our framework.

ITII. SKETCH METRIC LEARNING

In this section, we begin with describing the generation of
pseudo center. Next, we demonstrate how to learn the metric
with the new kind of constraint in an online manner. Finally,
we introduce more implementations of sketch metric learning.

A. Sketch the Pseudo Center

We start with the basic idea of Matrix Sketching in [14].
The algorithm receives m rows of a large matrix A € R™*¢
one after the other, in a streaming fashion. It maintains a
sketch matrix B € R®*? containing only ¢ < m rows but
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still guarantees that A”A ~ BTB. The detail is described in
Algorithm 1.

Algorithm 1 Matrix Sketching

1: Input: A € Rm*¢
2: B « all zeros matrix € R¢*d
3: for all i in 1...m do

4: Insert A; into a zero valued row of B
5 if B has no zero valued rows then

6: [U, X,V] +SVD(B)

7: O 0?/2

8: 3 /max(E? — 1,4,0)

9: B« 2vV7T

10: end if

11: end for

Inspired by Matrix Sketching in [14], we sketch a matrix,
which to represent the principal structures within each class,
also denoted as B € R*? where / is the sketch length and d
is the feature dimension. Under this setting, we only need to
maintain the sketched matrix and update it whenever it is full.
After the sketching procedure finished, we extract the first row
of B as pseudo center p € R'*? in order to formulate tuples
and p will be updated by the newest one if p already exists.
The procedure is shown in Figure 1. Note that the Sketch
operation in Figure 1 is based on Algorithm 1.

As shown in Figure 1, the generation takes place in a
sequence manner. On each round the algorithm observes some
input samples and stores them in the corresponding class
matrix B. Initially, the matrix B is empty with ¢ rows space.
Once the matrix is full of input data, we sketch the class
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information by compressing the data to half of their original
size in order to free up space immediately so that the newly
arrived subsequent samples can be added in. In the next step,
we extract the pseudo-center p in order to formulate our tuples.

B. Learning the Metric

Let {(x;, y;)}!~, denotes the training dataset with n samples
x; € R?, each associated with a discrete (but not necessarily
binary) class label y; € {1,2,...,C'}. We also denote pseudo
centers as {(p;,y;)}5_, with y; € {1,2,...,C}. Throughout
the sketching stage, each class space has its own sketched
matrix, denoted by {B;}%, € R**?. Based on the pseudo
centers, given a new input sample, we construct a set of tuples
for pairs (Xi,pj). Among all these pairs, let S indexes the
similar pairs and D indexes the dissimilar pairs. For instance,
(xi,p;) is a similar pair if y; is equal to y;, otherwise,
(xi,p;) is a dissimilar pair. The space of symmetric d times
d matrices is denoted by S? and the cone of positive semi-
definite matrices is denoted by S%.

Our goal is to learn a distance function Dy(x;, p;) = (Xi —
p;)"M(x; — p;) parameterized by M € S¢ that minimizes
the distance of similar pairs and maximizes the distance of
dissimilar pairs. To achieve this purpose, we need to predict if
the two samples of tuple have the same class label or not. After
the prediction, the algorithm may suffer from an instantaneous
loss which reflects how much the prediction fails. At the end
of each step, some parameters should be updated to improve
its prediction rule for the following steps.

Many state-of-the-art learning algorithms can be incorpo-
rated into the above framework. In the following, we first
demonstrate how to implement a well-known pseudo-metric
online learning algorithm (POLA) [10] in our framework.

The main idea of POLA [10] is an update rule which is
based on successive projections onto the positive semi-definite
cone and onto the half-space constraint. Intuitively, they look
for a new pseudo-metric and threshold that, on the one hand,
will predict correctly the last sample they have just received
and, on the other hand, will be as close as possible to the
previous pseudo-metric and threshold. The constraint inherited
by POLA [10] can be presented as follows,

y(b— Du(x;,p;)) > 1, ()

where b € R is a bias term, and y = 1 if y; = y; and —1
otherwise.

To learn a distance function that satisfies the constrain-
t in Eq. (1), we define a global loss Lm, that accu-
mulates hinge losses over all possible tuples: Ly =
Z(m‘)epus Im,p(Xi, p;), with the loss for a single tuple being,

lM,b(Xia p]) = max{O, y(DM(XIa p]) - b) + 1}? (2)

In the online setting, we first observe a tuple (x;, p;) in a se-
quential manner and then calculate Dy (x;, p;). If Dm(Xi, p;)
is greater than the learned bias, the pair is recognized as
dissimilar one. Otherwise, we say that the pair is similar. After
the prediction, we receive the true label y and may suffer
a (hinge) loss in Eq. (2) if there is a discrepancy between
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Algorithm 2 Sketch metric learning with POLA

1: Input: 2Tr € R**?, yTr e R™*1, (R
2: My < all zeros matrix € R4x?

,,,,, ¢ < all C zeros matrices € Rf*?

4: fori=1:ndo

5: Yyi <= yI'ry, x; — xTr;

6:  add x! to one all-zero valued row of By,
7: if B, is full then
g:

9

(pyl ’ Byl) - Sketch(Byi R Z)

: end if
10: for j=1:C do
11: Get true y and calculate Iy, (X;, p;)
12: if Im (x;,p;) > O then
13 ar = byt o, (50,0,) /(I — w5113+ 1)
14: M; =M, —ya,;Zy, by =br +ya.-
15: if (y ==1) then
16: bri1 = bz
17: calculate (\g,uy)
18: if (A\y <0) then
19: M‘r+1 = M; -)\dududT
20: else
21: MT+1 =M;
22: end if
23: else
24: M7-+1 = M;, b.,-+1 = max{l, b+}
25: end if
26: else
27: M.,-+1 = M‘,-, b,—+1 =b,
28: end if
29: end for
30: end for

our prediction and y. The goal of the online algorithm is to
minimize the cumulative loss. So we iteratively update the
matrix M and the threshold b. The update rule is composed
of two successive projections.

First, in step 7, we project (M ,b,) onto (Ms,bs) to
satisfy Im. b, (Xi,p;) = 0 by,

M;: =M, —yar-Zr, bz =0brtyar, (3)

where a; = Im, b, (i, p;)/([xi — p;ll3 +1) and Z, = (x; —
Pj)(xi - Pj)T-
Second, we project (M3, bs) onto (My41,br11) to satisfy

M-r+1 = 0’ bT+1 > 1 bya

M1 =M: — Augul, by =max{1,b:}, 4

where )4 is the minimal eigenvalue of M+ and uy is the corre-
sponding eigenvector. These two parameters can be calculated
efficiently by using the Lanczos method [17]. More analysis
about loss bounds can be found in Sec. 4 of [10].

We summarize the procedure of SML in Algorithm 2 and
call it as SML-POLA. In Algorithm 2, we receive an input
sample along with its class label for sketching and then learn
a distance metric one by one in a steaming manner. We utilize
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Data SML-POLA POLA SML-ITML-OL | ITML-Online | SML-LEGO LEGO SML-Tri Tri Euc
Climate 9.37£0.52 9.94£0.73 11.24£0.73 12.06£0.63 10.44£0.69 | 11.65£0.77 | 872+082 | 828E0.70 | 1235+0.69
Diabetes 38931075 | 39.45+1.40 39.71+1.24 39.75£1.10 3950+1.51 | 39.57£1.08 | 40.09£1.28 | 39.87£151 | 39.63£098

Tris 2275034 2.40£0.34 3.53£0.55 3.53£0.55 3475053 347£053 | 3.13£0.63 | 3.13%0.77 3.53£0.55
Waveform 20871037 | 25.89+0.56 22.79£0.24 25.44%0.35 2095+0.52 | 25204043 | 19.60£0.36 | 21.56£0.61 | 23.30£0.17

Waveform-Noise] | 2032£0.21 | 26.81+0.84 23.42%£0.28 26.98£0.47 20.40£0.29 | 27.09£0.60 | 20.76£0.39 | 22.11£029 | 25.71£0.30
MNIST 3.10£0.08 2.82£0.13 2.69£0.11 271 £0.11 2895014 | 3.02£0.15 | 349+ 009 | 323+0.12 2.79%0.11
TmageNet 51.66+0.32 | 5349+ 034 57.33£0.31 5773 041 | 52204035 | 5528+ 035 | 51.84%0.61 | 52.80F 0.22 | 59.04% 0.24
TABLE I: Average testing error (%). The better performance is denoted in bold type.
dataset samples | dimensions | classes . o . .
Tris 150 7 3 The experiments were split into two main parts: Classifi-
Climate 540 18 5 cation and Object Tracking. In Classification, we evaluated
Diabetes 768 8 2 metric learning for k-NN classification error rates via five-
Waveform 2000 21 3 fold cross validation with k = 1. In Object Tracking, positive
Waveform-Noise 5000 40 3 . X . .
MNIST =0000 700 10 samples were sampled from a region with a radius of 4 pixels
ImageNet 1261406 1000 1000 centered at the target of current frame. Negative samples were

TABLE II: Description of datasets, we note that only 10
classes of data was selected from ImageNet dataset due to
the time-consuming methods such as ITML-Online [11].

the first few samples to generate the first pseudo center so that
the learning stage can be started. We note that the sketching
stage would be activated when the input samples fulfill the
sketched matrix, while the learning stage is activated every
time a new sample is arriving.

C. More Implementations of Sketch Metric Learning

Except POLA [10], other state-of-the-art algorithms such
as ITML-Online [11], LEGO [12] and triple tuple based
algorithm [4] can also be implemented in our sketch learn-
ing framework seamlessly. We respectively denote them as
SML-ITML-OL, SML-LEGO and SML-TRIL

To our best knowledge, SML-ITML-OL and SML-LEGO
have the same type of tuple with SML-POLA while SML-TRI
has a triple type. By incorporating TRI into our framework,
we denote each triple tuple in the constraint by (X;,p;, p)
where y; = y; and y; # yi. Except the definition of a new
kind of constraint, the rest part of metric learning is remained
unchanged and is not reviewed here due to the page limitation.

IV. EXPERIMENT

We compare the proposed methods SML-POLA, SML-
ITML-OL, SML-LEGO, SML-Tri with the related competi-
tors: POLA [10], ITML-Online [11], LEGO [12], Tri [4] and
a baseline algorithm that uses the standard Euclidean distance
denoted by Euc. In SML-POLA and POLA [10], we set the
threshold b = 1.5. In SML-ITML-OL, ITML-Online [11],
SML-LEGO and LEGO [12], we set 1 to be 1/8 and we also
generated the target distances as in [11]. For same-class pairs,
the target distance was set to be equal to the 5th percentile
of all distances in the data, while for different-class pairs, the
95th percentile was used. The trade-off parameter was set to
0.5 in SML-Tri and Tri [4]. In the sketching stage, we set the
sketch length ¢ = min{200, d/2} where d is the dimension of
the input data. The number of tuples was set to be Cn.

2442

sampled from a region with an inner radius of 8 pixels and an
outer radius of 30 pixels centered at the target. And candidate
samples were sampled from a region with a shifting step of
4 pixels and a radius of 20 pixels centered at the target of
last frame. All the parameters remained unchanged during the
experiments.

A. Classification on Benchmark Datasets

First, we evaluated the compatibility and effectiveness of
our framework on seven benchmark datasets, that is, 1) Iris, 2)
Climate, 3) Diabetes, 4) Waveform, 5) Waveform-Noise, 6) M-
NIST, and 7) ImageNet. The statistics of datasets summarized
in Table II and Table I summarizes the main results. We note
that our experiment goal is to verify the improvement after
incorporating matrix sketching in metric learning. The results
show that our methods almost outperform the competitors on
Iris, Waveform, Waveform-Noise and ImageNet dataset. While
on the Climate, Diabetes and MNIST dataset, we have a nearly
equal result with the them.

Reproducing the experiment used to test POLA in [10]
and LEGO in [12], we posed a binary classification problem
between each pair of handwritten digits in MNIST dataset
(45 problems in all). Figure 2 shows the test errors between
the four pairwise competitors, our algorithms match and even
outperform the competitors on 29/45, 37/45, 33/45 and 22/45
respectively. We note that our algorithms outperform the
related competitors except SML-Tri (nearly equals to). Based
on the additional baselines provided in [10], [12], we show
that our approach also fares well compared to other metric
learners on this dataset.

B. Object Tracking

Many studies show that using distance metric learning
can improve the discriminative capability in real-time object
tracking [1], [2], [4]. In this subsection, we will demonstrate
how the distance metric learning can further improve the
tracking performance after being deployed into our sketch
learning framework while comparing with the related com-
petitors. The experiment was taken on twelve public challeng-
ing video sequences (shown in Figure 3), while only gray
scale information was used for our experiment. Our methods
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Fig. 2: Comparison of error for the four pairwise competitors
on 45 binary classification problems using the MNIST dataset.

were also compared against seven state-of-the-art tracking
algorithms denoted as Struck (structured output tracking with
kernels [18]), OAB (online AdaBoost [19]), SemiT (semi-
supervised tracking [20]), BSBT (beyond semi-supervised
tracking [21]), MIL (multiple instance learning [22]), STC
(spatio-temporal context [23]) and FCT (fast compressive
tracking [24]). For fair comparison, we directly used the twelve
video sequences accompany with the ground truth files and the
tracking result of the five trackers (Struck [18], OAB [19],
SemiT [20], BSBT [21] and MIL [22]) to implement the
performance evaluation, which are all available at http :
/Jwww.visual — tracking.net. The experiment is conducted
in MATLAB R2012a with a 3.30 GHZ Intel Core i3-3220
CPU and 12 GB memory. Our proposed algorithms, running
40 frames per second (FPS) on average, can achieve a real-
time tracking.

1) Evaluation Criterion: We evaluated the performance of
tracking algorithms in two aspects [25]: precision plot and
success plot. Precision plot is used to measure the percentage
of frames whose center location error is within the given
threshold distance. And the center location error, is defined as
the average Euclidean distance between the center locations
of the tracked targets and the manually labeled ground truth.
The threshold is set to be 20. In addition, the success plot
shows the ratios of successful frames at the thresholds varied
from O to 1. The so called successful frame is the one that its
overlap score is greater than a specific threshold such as 0.5.
The overlap score is defined as score = lezgggﬁ U g8§g§§ ,
where ROIr and ROIgr are target region and ground truth
region respectively. We used the area under curve (AUC) of
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Fig. 4: Top: Performance with different sketch lengths. Down:
Effectiveness in different pseudo centers.

each success plot to rank the tracking algorithms. Furthermore,
to further improve the robustness of the evaluation, we used
three ways for the initialization of the first frame: one-pass
evaluation (OPE), temporal robustness evaluation (TRE) and
spatial robustness evaluation (SRE). We refer the readers to
[25] for more details.

Performance with different sketch lengths. We evaluated
the tracking performance by computing the AUC score of the
four proposed algorithms with different sketch lengths from
20 to 300 with a interval of 20. The result is given at the
top graph of Figure 4. With the increase sketch length of the
sketched matrix, the AUC score had no obvious correlation
with it. This is because the matrix sketching algorithm in [14]
is based on Singular Value Decomposition (SVD). In the
other words, the singular vectors, corresponding to several
highest singular values, are retained during sketching. So that
in our framework, only a small matrix is enough to sketch the
principal structure of all the input samples.

Effectiveness in different pseudo centers. In order to verify
the effectiveness of our sketched mode to generate pseudo
center, we compared ours with two other different generation
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Fig. 3: Tracking results of selected algorithms in representative frames of twelve challenging sequences (from left to right and
top to down are Boy, Basketball, CarScale, David-3, Faceocc-1, Fish, Jogging-2, MotorRolling, Singer-1, Singer-2, Tiger-1,

and Trellis, respectively).

modes: including 1) selecting one sample in the training set
as a pseudo center randomly, and 2) calculating the average of
the input samples as the pseudo center. The result is shown in
the second graph of Figure 4. Our proposed sketched pseudo
center, which is corresponding to the highest singular value
of the singular vector, performs the best. And the random
and average methods, however, failed to capture the main
information and ultimately led to a poor result.

Performance with and without sketching. To demonstrate
the improvement by incorporating matrix sketching into metric
learning, we compared our sketch based algorithms with four
related competitors. And the EUC algorithm was considered
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as baseline. Figure 5 shows the result that all the online
metric learning methods surpass the baseline algorithm except
LEGO [12] in the plots of OPE. And the performance score of
the methods without sketching is only about one-third of ours
on average. As we defined above, our learning framework is
based on a new kind of constraint that all the input samples
are learned to update a metric that minimizes the distance
between the samples and pseudo center with similar class
and maximizes the distance between the two with dissimilar
classes. However, in the typical metric learning methods, the
tuples are just consisted of input samples and the learning
stage is proceeded on a random set of tuples to avoid overload
computing, which will finally incur the lack of robustness.

2016 International Joint Conference on Neural Networks (IJCNN)



In addition, it is known that visual trackers are sensitive
to initialization. From the success plots of Figure 5, we
found that the experiment results of SRE in seven of the 9
trackers are worse than that of OPE. Especially the SML-
POLA tracker, the performance score fell to 0.357 at 29% and
the ranking dropped from 1 to 4, while the performance score
of LEGO [12] tracker rose to 0.129 at 14% and finally the
ranking went up from the last place to 6. It seems that LEGO
tracker [12] is the most robustness tracker to initialization.

Comparison with state-of-the-art trackers. The overall per-
formance for all the seven state-of-the-art trackers and ours
is shown in Figure 6. Except the success plots of TRE, our
algorithms perform the best. In the success plots of TRE, the
AUC score of Struck [18] outperforms ours. This is because
the Struck tracker [18] is in favor of short sequences. However,
it is easy to drift away after a portion of frames passed. That
is why we surpass it in the plots of OPE and SRE.

In [25], the sequences are annotated with 11 different at-
tributes, including: illumination variation, scale variation, oc-
clusion, deformation, motion blur, fast motion, in-plane ro-
tation, out-of-plane rotation, out-of-view, background clutters
and low resolution. We performed a comparison with seven
trackers on all the sequences annotated with these 11 attributes.
The result shows that our algorithms perform favorably on
most of these attributes. Especially for occlusion, deformation,
motion blur, illumination variation and out-of-plane rotation
attributes, our algorithms outperform the Struck tracker [18].
One reason is that the sketched matrix can maintain the history
samples structures so that a transient appearance change of
the target could not incur drift easily. Figure 7 shows the
precision plots of SRE on deformation, occlusion and out-
of-plane rotation attributes.

Qualitative evaluation. We compared our SML-LEGO algo-
rithm with other seven trackers (LEGO [12], Struck [18],
OAB [19], BSBT [21], MIL [22], STC [23] and FCT [24])
on twelve challenging sequences in Figure 3. The LEGO [12]
algorithm fails to track the target objects on all the twelve
sequences due to the lack of robustness to handle the ap-
pearance variations. The Struck tracker [18] performs well on
most of sequences except David-3, Jogging-2, and Singer-2
sequences due to the heavy occlusion and illumination varia-
tion. Overall, the proposed SML-LEGO algorithm performs
well on all the twelve sequences. Especially, when heavy
occlusion happens on David-3 and Jogging-2 sequences, only
BSBT [21], STC [23] and ours are able to track the object. On
the CarScale and Singer-2 sequences, only our method tracks
the objects successfully in all the three frames.

V. CONCLUSION

We developed a sketch metric learning framework to learn
a Mahalanobis distance metric based on matrix sketching. In
this framework, we sketched the received training samples
and generated a pseudo center to formulate a new kind
of constraint for metric learning. Our framework is well
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suited for time-varying process such object tracking and it
is also deterministic, simple to implement. The experiment
results demonstrate the improvement by incorporating matrix
sketching into metric learning and prove the efficiency and
practicability of our method.
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